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In this paper we shall apply the methods of solution of three-dimensional
contact problems of the theory of elasticity to the solution of problems
of a body with a plane crack (cut).

Assume that the solution of the problem of the indentation of a
frictionless punch into an elastic half-space is known. This means that
a function U(x, y, z), which is harmonic in the half-space z >0, goes
to zero at infinity and satisfies the following mixed boundary conditions:

(1) inside S, the area of contact between the punch and the boundary

2 =0
Uz, y, 0)=b+oz+By— o (29 n

(2) outside the area S of the boundary z = 0
U |9z =0 2

is given where z = ¢(x, y) is the equation of the base area of the punch
and b + ax + Py is the rigid-body displacement of the punch.

The normal stress under the punch is determined from the following
formula [1]

Here m is the reciprocal of the Poisson coefficient,

It is assumed that the function ¢(x, y) has continuous partial deri-
vatives up to and including second order and that the boundary line of
the punch does not press onto the elastic half-space. Thus, it follows
from (3) that the function
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V=20U/oz )]

which is harmonic in the half-space z>0 will be continuous at z = 0,
Since U(x, y, z) satisfies the Laplace equation Viy = 0, using (4) we ob-

tain
3V [ 83 = 83U | 82% = — (83U | Oa® + 93U [3yP) ®)

When we utilize (1), (2), (4) and (5) we find that the function (4),
which is harmonic in the half-space z = 0 and goes to zero at infinity,
satisfies the following conditions at the boundary of the half-space
z=0: V(x, y, 0) = 0 outside the area S, and oV/d:; = Vﬂ¢(x, y) inside
the area S, where V2 is the Laplace operator.

If we substitute

P (@, ) =mG V2q (z, y) / (m —1) (6)

then the harmonic function V(x, y, z) will represent the solution of a
problem on the stress-strain state of an unbounded elastic body with a
plane crack S, whose surface is subject to a normal (compressive) stress
o,(x, y,10) = o,(x, y, =0) = —p(x, y). The equation of the surface of the
crack, which is expanded by the action of the normal.pressure p(x, y), is
of the form

2=4V (90, of z=F(m—1),(zy)/mé 0!

Equations (3) and (4) were being considered here.

If the harmonic function U(x, y, z) is the potential of a straight
layer with a density y(x, y) then

6, = —2amGY (z, y) / (m — 1)

Consequently, equation (7) for the expended crack becomes
2=t 2nY (z, y)

The displacement vector and the stress tensor, which exist in an un-
bounded elastic body with a plane crack S whose surface is subjected to
a normal pressure p(x, y) can be expressed in terms of V(x, y, 2) by
means of known formulas.

Examples

6 < y
LI p g = ) LG+2) G+ )byt G +2) G+ 1 by ] 2
i+43==0
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and the crack S is elliptiec zz/az + yz/az(l - k2)<§ 1, then using (7) and
the author’'s results from another publication [2] for a punch with a sur-
face nta
g= ja bwﬂyﬁ
i+i=2

we obtain the equation for the expended crack
n

3 .
3= F 2x -‘/ {— ’ a* (1y_ kﬂ) ngo cﬁz{yl

Here the coefficients c;; are found from the solution of a determinant

of a set of linear algebraic equations whose coefficients are expressed
in terms of elliptic integrals of the first and second kind.

2. If the pressure Py is constant and the crack is elliptic, then the
equation of the expanded crack takes on the form of a tri-axial ellipsoid

Blattyt a1 —k) 4+ 23/ =1 (b=mn(m—1) pydu®/mG (de® + dw®))
The values of d002° and dooo2 are given in the author’s monograph [2].
3. If

P (%, y) = mG (ew + €102 + €nry + ep?® + enzy +-eay?) / (m —1)

the crack is circular of radius a, then, using (7) and the result of [2],
we obtain

=4 V P’[eoo+a’(en+eo.)+-—emx+ 2 ey + 2 (ew —ex) 2+
+i?eu9?y+ E(“em—eoa) yz]
4. If the pressure Py is constant, then, letting b Z(n - l)poa/an,

we nbtain Sneddon’s result [3] on the form x2/a + y / + 2 /b2 =1 ¢of
5 circular crack which is expanded by means of internal pressure Bg-

Note that the methods of soiution of the problems of an elastic body
with a plane crack car be applied to the solution of contact problems of
the theory of elasticity under tne condition that the boundary line of

tne punch does not press upon the elastic half-space, i.2. the norm:.
stress at the contour ol 3, the arez of contact between the punch and the
half-space, goes to zern, Actually, if the functiou ¥{x, vy, z) represepts
tie solution of tue problem of an unbounded elastic body with a planc
crack 5 whose surface i3 subjected to a normal pressure (3), then, usinz
2%, the normal stress (3 imside 5, thne area ol contaci 5f an elast
half-space with a punch that has a base area : = @{=x, y' 1S expressec u

the form
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, = —mGV (z, 3, 0)/ (m —1) 8

Exanmple

If we use Sneddon’s results

1 1
_ 2a(m—1) ydy up (ayu)

Vi y 0) =0 § B —piT e S(i — u,),,,du (9)
pla 0

when a normal pressure p(p) is applied to a circular crack of radius g,
then having used (6), (8) and (9) we obtain the following formula for
the normal stress under an axisymmetric punch

1 1
= _ __2amG ydy u (ayu) =2
S, xm—1) p§a P — p’/a?)‘/=§ — uz),/.du. ¥ (ayu) =V (@) | o gy

(10

With z = Ap2 Formula (10) leads to the Hertz result: for z = Ap we
obtain the result of A, Love for a conical punch.
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